Abstract. Parabolic wavelet transforms associated with the singular heat operators −∆ γ +∂/∂t and I−∆ γ +∂/∂t, where
were studied by many authors in connection with various applications (see, e.g., [14] for further references). The more general formula
gives integral representations of complex powers of −∆ where ∆ is the Laplacian in R n . In the present article we extend these results to the case when x n ∂ ∂x n .
We introduce new wavelet transforms which reflect anisotropy and the character of the singularity in (1.4) simultaneously. The problem was inspired, on the one hand, by the earlier papers of A. Weinstein, M. N. Olevskiȋ and other authors (see, e.g., [24, 25] ) related to singular PDE and the corresponding generalized axially symmetric problems. On the other hand, our study was motivated by needs of Fourier-Bessel harmonic analysis which employs the notion of the generalized translation operator and goes back to S. Bochner, J. Delsarte, B. M. Levitan, and others (see [8-11, 20, 21, 23] for further details and references). Discrete wavelet systems were studied by many authors; see, e.g., the nice book of P. Wojtaszczyk [26] and references therein. The plan of the paper is as follows. Some necessary definitions and auxiliary facts are given in Section 2. In particular, we introduce new notions of "generalized parabolic wavelet transforms" associated with the singular heat operators (1.4). In Section 3 we obtain inversion formulas (Calderón-type reproducing formulas) for these transforms. The generalized parabolic potentials associated with (1.4) and defined in Fourier-Bessel terms by (1.6) are studied in Section 4. We obtain wavelet-type representations of these potentials, like (1.3), and prove the relevant (L p -L q )-estimates of the HardyLittlewood-Sobolev type. Section 5 is devoted to the inversion of the generalized parabolic potentials by means of the relevant continuous wavelet transforms introduced in Section 2.
Historical remarks. Parabolic potentials associated with ordinary (nonsingular) heat operators were introdiced by B. F. Jones and C. H. Sampson [7, 17] . Various properties of these potentials and the relevant anisotropic function spaces of the Sobolev type were studied by R. Bagby, V. R. Gopala Rao, S. Chanillo, V. A. Nogin and B. S. Rubin (see [12, 16] and references therein). Continuous wavelet transforms corresponding to these potentials were introduced in the authors' paper [4] . Singular parabolic equations were studied by many authors (see, e.g., [5, 22] ). The relevant parabolic potentials were introduced by I. Aliev [1, 2] . The wavelet approach to these potentials, developed below, seems to be new. In subsequent publications we plan to give some applications of our results to singular parabolic equations.
Preliminaries. Let
n dx, γ > 0. The Fourier-Bessel transform of a sufficiently nice function f : R n + → C and its inverse are defined by
, is the normalized Bessel function such that j λ (0) = 1 (see, e.g., [8, 9] ). The same definition was applied in (1.5) and (1.6) to functions on R n
In the case p = ∞ we identify L , and η > 0, we define an anisotropic dilation m √ η,η of m by (2.3) .
, the generalized translation of f : [8, 9, 23] ). Here we actually deal with the ordinary translation in x and t, and with the generalized translation in x n . For the relevant one-dimensional operator
the following relations are known [9] :
Note also that for 1 ≤ p ≤ ∞,
Y ∞ being identified with C 0 (see, e.g., [10] ). The generalized convolution associated with the generalized translation operator (2.4) is defined by
By using (2.8) and the Riesz-Thorin interpolation theorem it is not difficult to prove the corresponding Young inequality
Similarly to (2.10), for a finite Borel measure m = m(y, τ ) on
Definition 2.1. Given a finite (signed) Borel measure m such that
The choice of the "wavelet measure" m is at our disposal. We specify m as follows. Let us introduce the generalized Gauss-Weierstrass kernel
2) (see [20] for n = 1 and [2] for any n ≥ 1). 
Proof. (a) is a consequence of the formulas
Given a function g : R n + → C, we introduce the generalized GaussWeierstrass integral
and the γ-maximal function
where
(see [20, 21] and [3, p. 370] ). Now we specify m in Definition 2.1. Let µ be a finite Borel measure on R .
Definition 2.3. The anisotropic wavelet transform (2.13) with m defined by (2.23) will be called a generalized parabolic wavelet transform and denoted by V µ f (x, t; η). Thus
or, by (2.16) and (2.17),
Definition 2.4. The transform
will be called a weighted generalized parabolic wavelet transform of f .
In the following we use the convention
Inversion of generalized parabolic wavelet transforms (the Calderón-type reproducing formula)
the limit being understood in the Y p -norm. If moreover 1 < p < ∞ and Proof. Define
We have
(and similarly for K ). Indeed, by (3.1), µ({0}) = 0 so that
which gives (3.6). Let ε → 0 and → ∞ in (3.6). By (2.15),
It is known that (3.1) implies k ∈ L 1 (0, ∞) and [13] , p. 188). Hence, by (2.17),
Owing to (2.19), (2.9) and the Lebesgue dominated convergence theorem, this yields lim
To complete the proof of the first statement we note that lim →∞ f ⊗ K Y p = 0. Indeed, by (2.8) and (2.17), we have
, and the result follows in a standard way (see, e.g., Theorem 1.15 of [13] ).
Let us prove the a.e. convergence in (3.3). By (2.19),
By (3.1) and (3.4), the function k(t) = t
decreasing integrable majorant, and therefore
where 
(here and below the constant c may be different at each occurrence). Thus
Owing to this estimate and taking into account that
as → ∞ (for nice f this follows from (3.9) with p = ∞).
The validity of the theorem for weighted wavelet transforms can be proven following the same lines by taking into account that
where k ε (t) = ε −1 k(t/ε) (similarly for K ; cf. (3.6)). In particular,
We leave other details to the interested reader. 
involving the generalized translation (2.4). To see this it suffices to apply the Fourier-Bessel transform (the Fourier transform in x and t, and the Bessel transform in x n ) to both sides of (4.1) and (4.2), and make use of the statement (a) of Lemma 2.2. By setting
The following statement is an analogue of the Hardy-Littlewood-Sobolev theorem (see [6] in the case γ = 0).
Proof. The necessity in (i) is a consequence of the standard homogeneity argument (cf. [18, p. 118] ). Further, let
Set m 0 = m{k ⊗ f > 2λ} and m i = m{k i ⊗ f > λ}, i = 1, 2, and assume
Further, by Hölder's inequality,
Setting c 2 µ
and (ii) is proved. By the Marcinkiewicz interpolation theorem this implies the sufficiency in (i). (iii) is a consequence of Young's inequality (2.11) and the fact that h α Y 1 = 1.
Remark. For the ordinary Jones-Sampson parabolic potentials, corresponding to γ = 0, an analogue of Theorem 4.1 was stated by V. R. Gopala Rao [6, p. 989] . It is our impression that the proof of the weak (1, q)-estimate indicated very briefly in [6] does not yield the required result. In fact, the kernel of the parabolic potential should be split in the t-variable (as in our proof) rather than in x, as suggested in [6] following Stein's argument [18] applicable to Riesz potentials. 
By (2.16) this implies (4.5). The proof of (4.6) is similar and based on (2.26).
Inversion of generalized parabolic potentials by means of continuous wavelet transforms.
By comparing (4.5) and (4.6) with (1.5) and (1.6), it is natural to expect that explicit inverses of H 
